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  In this course: P

resentation of statistical m
ethods to 

describe m
ortality and prognosis of patients suffering a 

particular disease in a given period of tim
e.  

 A
lso som

e discussion of related m
ethods used in 

epidem
iological studies. 

 B
asic problem

: 
The study of occurrence of health-related event in tim

e. 
E

vents are experienced by (independent) individuals. 
 S

tandard setting: A
t m

ost one event per individual. 
 S

om
e exam

ples: 
C

hronic disease incidence  
M

ortality 
A

lso:  P
roduct reliability  

Life insurance  
D

uration of unem
ploym

ent 
 M

ore generally: S
everal types of events 

E
xam

ple: C
ause-specific m

ortality 
 M

ore generally: S
everal events per individual 

E
xam

ple: R
ecurrent diseases 
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 S
om

e standard situations 
  

A
live

D
ead

A
live

C
ancer

D
ead

O
ther

D
ead

a)b)

A
live

D
isease

D
ead

c)

D
ead

M
arried

D
ivorced

N
ever

m
arried

d)
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S

U
R

V
IV

A
L D

A
T

A
 

  T
w

o aspects:  
A

 w
aiting tim

e 
 

 
 

 
O

ccurrence of an event 
 A

 continuous and a discrete part. 
 C

hoice of tim
e scale: 

A
 w

aiting tim
e, but w

hat is the appropriate starting 
point?  
 

• Tim
e since entry  

• B
irth, i.e. tim

e = age 
• Tim

e since diagnosis 
 or som

ething else? 
  D

escribing occurrence in tim
e of a health-related 

event: 
 H

ow
 do w

e quantify  
 

P
rognosis, 

R
isk, 

C
hance ? 

 P
robabilities are an obvious choice, but not the only 

possibility. 
 C

om
pare: Is it dangerous to travel by airplane ? 
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 D
A

TA
: For each individual in the study: 

 A
 w

aiting tim
e (event occurred) or an incom

plete 
w

aiting tim
e (no event occurred). 

 i.e. each individual contributes: 
 (

,
)

t
d

=
 

(period of observation, status at the end of 
 

 
 

the period) 
 S

tatus:  
1

d
=

 
 

The period of observation is term
inated by 

 
 

 
the occurrence of the event 

 

0
d

=
 

 
The event has not (yet) occurred at the 

 
 

 
end of the period of observation. 

 (R
ight) censoring: 

Incom
plete inform

ation: For som
e patients the exact 

value of the w
aiting tim

e is not observed, but it is know
n 

that the w
aiting tim

e exceeds a specified value. 
  A

dditional feature, w
hich com

plicates the data 
analysis:  
In m

ost studies the potential follow
-up tim

e (= tim
e 

from
 entry date until closing date) w

ill vary am
ong 

patients included in the study.  
 C

onsequences of right censoring and varying follow
-

up tim
es: S

tandard statistical m
ethodology can not 

be applied directly. M
odifications, or generalizations 

are necessary. 
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 D
E

S
C

R
IB

IN
G

 TH
E

 P
R

O
G

N
O

S
IS

, H
O

W
 ? 

 S
urvival function  = S

urvivorship function  
 

 
 

 
= S

urvival curve 
 S

(t) =  The probability of being alive (event-free) at tim
e 

 
after entry 

10

S
(t)

Tim
e t

 
 If all patients are follow

ed until death, i.e. data w
ith no 

censored observations:   
 The survival function is estim

ated by 
 

num
ber of patients alive at tim

e 
num

ber of patients alive at tim
e 0 t

 

 P
resence of censored observations: The sim

ple 
proportion is no longer appropriate. Instead, the survival 
function is estim

ated by 
 

The life table m
ethod 

or 
K

aplan-M
eier's m

ethod 
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 A
LTE

R
N

A
TIV

E
 D

E
S

C
R

IP
TIO

N
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F 
M

O
R

TA
LITY

/S
U

R
V

IV
A

L 
  In D

em
ography and Insurance M

athem
atics : 

 M
ortality rate = D

eath intensity = F
orce of M

ortality = 
H

azards rate 
 N

otation: several versions in com
m

on use 
 

(
)

(
)

(
)

(
)

m
t

t
t

h
t

λ
µ

=
=

=
 

   The m
ortality rate describes the instantaneous risk 

of dying. 
  M

ore form
ally 

 
(

)
m

t
t

⋅∆
=

 
The probability of dying before tim

e t
t

+
∆

 
 

 
 

if alive at tim
e t (

t∆sm
all) 

   The m
ortality rate gives the relative rate of change of the 

survival function 
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 E
stim

ating the m
ortality rate: 

 D
ivide the follow

-up period up in sm
all intervals: 

   

C
losing

D
ate

Tim
e 

=0
 

 For each sm
all tim

e interval com
pute: 

 
N

um
ber of deaths in the interval 

Total tim
e at risk in the interval 

 The ratio 
  

D
eath

N
um

ber of deaths in the interval
R

isk tim
e

T
otal tim

e lived in the interval
=

 

 is an estim
ate of the m

ortality rate at this point in tim
e 

   N
ote: 

 
(

)
S

t
  

 
A

 probability, i.e.   
0

(
)

1
S

t
≤

≤
 

 
 

 
N

o dim
ension 

 
(

)
(

)
m

t
t

λ
=

 
A

 rate, i.e. 
 

 
0

(
)

m
t

≤
 

 
 

 
D

im
ension = per tim

e unit 
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 R
elations betw

een the theoretical functions 
  

(
)

S
t

=
 

 
S

urvival function 
 

(
)t

λ
=

 
 

M
ortality rate, D

eath intensity 
 

0
(

)
(

)ds
t

t
s

λ
Λ

=
=

�
 Integrated m

ortality rate or  

 
 

 
 

integrated hazard 
   

(
)

0
(

)
exp(

(
))

exp
(

)ds
t

S
t

t
s

λ
=

−Λ
=

−�
 

 
(

)
ln(

(
))

t
S

t
Λ

=
−

 
 

(
)

(
)

'(
)

(
)

ln(
(

))
(

)
(

)

ddt S
t

d
t

d
S

t
t

S
t

dt
dt

S
t

S
t

λ
Λ

=
=

−
=

−
=

−
 

 i.e. 
 

(
)

(
)

(
)

(
)

(
)

S
t

S
t

dt
dt

t
S

t
λ

−
+

=
 

 The m
ortality rate is the relative rate of change of the 

survival probability or the relative rate of change in the 
num

ber of survivors. 
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E
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W
ITH

 C
E

N
S

O
R

E
D

 D
A

TA
 

  S
tandard survival analysis:  

  
event =  death from

 all causes  
 For each individual 
 D

oes he/she experience the event ? 
 

If yes 
 

W
hen ? 

If no  
 

E
vent-free for how

 long ? 
 B

asic data sum
m

aries: 
 

(
)

Y
t

=
 

N
um

ber of patients alive and not censored just 
 

 
before tim

e t  = N
um

ber at risk at tim
e t. 

 
(

)
N

t
=

 
N

um
ber of patients w

ith survival tim
es less  

 
 

than or equal to t = N
um

ber of deaths up to and 
 

 
including tim

e t. 
 

(0)
   and 

(0)
0

Y
n

N
=

=
 

 If data contain no censored observations then 
 

(
)

Y
t

=
 

n ⋅ em
pirical survival function 

 

(
)

N
t

=
 

n ⋅ em
pirical distribution function 

 W
ith censored data these relations are no longer true. 
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 A
 sim

ple exam
ple 

 D
ata:  

 S
urvival tim

e in days m
easured from

 tim
e of entry 

(C
ensored observations m

arked by +) 
 55 

61+ 
74 

81 
93+ 

122+ 
138 

151 
168 

202+ 
220+ 

238 
  S

am
ple size = n = 12 

 

0
100

200

5 10

0
100

200

5 10

N
um

ber of events N
(t)

days

N
um

ber at risk Y
(t)

days
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K

A
P

LA
N

-M
E

IE
R

'S
 M

E
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O
D

 
  The calculations involves the follow

ing steps: 
 1) 

The observations are sorted in ascending order.  
C

onvention for ties: U
ncensored observations are 

placed before the censored observations. 
 In the exam

ple 
 

T
im

e 
A

t R
isk 

55 
12 

61+ 
11 

74 
10 

81 
9 

93+ 
8 

122+ 
7 

138 
6 

151 
5 

168 
4 

202+ 
3 

220+ 
2 

238 
1 

 2) 
For each tim

e of death 
i t com

pute 
(

)
i

i
Y

Y
t

=
 and 

then 
1

1
1

1
i

i
i

i
i

q
Y

p
q

Y
=

=
−

=
−

 
 3) 

K
aplan-M

eier's estim
ate (also denote the product-

lim
it estim

ate) 
  

ˆ(
)

S
t

=
the products of the 

i
p

's from
 death tim

es ≤ t 

D
epartm

ent of B
iostatistics 

 
A

pril 26 2004 
U

niversity of A
arhus 

 
M

ichael V
æ

th 
  

12 

 The exam
ple: 

   

=
11

ˆ(55)
12

S
  

 
 

 
 

 
 

0.917
=

 

 

=
⋅

11
9

ˆ(74)
12

10
S

 
 

 
 

 
 

 
0.825

=
 

 

=
⋅

⋅
11

9
8

ˆ(81)
12

10
9

S
 

 
 

 
 

 
0.733

=
 

 

=
⋅

⋅
⋅

11
9

8
5

ˆ(138)
12

10
9

6
S

  
 

 
 

 
0.611

=
 

 

=
⋅

⋅
⋅

⋅
11

9
8

5
4

ˆ(151)
12

10
9

6
5

S
 

 
 

 
 

0.489
=

 

 

=
⋅

⋅
⋅

⋅
⋅

11
9

8
5

4
3

ˆ(168)
12

10
9

6
5

4
S

 
 

 
 

0.367
=

 

 

=
⋅

⋅
⋅

⋅
⋅

⋅
11

9
8

5
4

3
0

ˆ(238)
12

10
9

6
5

4
1

S
  

 
 

0.000
=
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K
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P

LA
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  D
ata: A

 sam
ple of size n. The num

ber of observed 
deaths d (d ≤ n). In the exam

ple n = 12 and d = 7. 
 O

rdered survival tim
es (uncensored observations). 

 

1
2

d
t

t
t

<
<

<
�

 
 K

aplan-M
eier's estim

ate: 
 

1
ˆ(

)
1

(
)

i t
t

i

S
t

Y
t

≤

�
�

=
−

�
�

�
�

∏
 

 A
 product: E

ach tim
e of death 

i t
t

≤
 contributes a factor 

to this product.  
 The form

ula above assum
es that all death tim

es are 
distinct (no ties am

ong uncensored observations). 
 If ties are present in the data:  
 

ˆ(
)

1
(

)
i

i

t
t

i

m
S

t
Y

t
≤

�
�

=
−

�
�

�
�

∏
 

 w
here 

 
i

m
=

num
ber of deaths at tim

e 
i t 

 If censored and uncensored observations are tied: 
D

eaths occur before censoring 
 N

o censored observations:  
ˆ(

)
1

S
t

=
−

em
pirical distribution function 
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U

S
IN

G
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TA
TA

 FO
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 TH
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 A
N

A
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IS

 
  1) E

nter the data in S
tata’s spreadsheet (convenient 

only for sm
all data sets) and nam

e the variables, e.g. 
tim

e and status 
tim

e status 
55 

1 
61 

0 
74 

1 
81 

1 
93 

0 
122 

0 
138 

1 
151 

1 
168 

1 
202 

0 
220 

0 
238 

1 
  2) D

efine the data to be survival tim
e data 

a)  
O

n the com
m

and line w
rite 

 
�
�
�
�
�
�
�
�
�
�
�
�
�
�
	
�


�
�
�


�
�
	
�
�
�
�
�
�
�
�

 or use the m
ouse 

 
b)  

S
tatistics - S

urvival analysis – S
etup &

 U
tilities 

- D
eclare data to be survival tim

e data 
S

pecify T
im

e variable (tim
e), Failure variable 

(status) and failure value (1) in the m
enu. 
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 3) To get a K
aplan-M

eier estim
ate as tabular output 

w
rite on the com

m
and line 

 
�
�
�
�


�
�
�
�

 or use the m
ouse: S

tatistics - S
urvival analysis – 

S
um

m
ary statistics, tests &

 tables – List survivor and 
cum

ulative hazard function  and fill out the m
enu. 
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�

�
�
�
�
#
&
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

D
epartm

ent of B
iostatistics 

 
A

pril 26 2004 
U

niversity of A
arhus 

 
M

ichael V
æ

th 
  

16 

 4) to get a graph as output w
rite on the com

m
and line 

 
�
�
�
�
�
�
	
�
6
�

 to get 
 

0.00 0.25 0.50 0.75 1.00

0
50

100
150

200
250

analysis tim
e

K
aplan-M

eier survival estim
ate

 
 

 to include 95%
 pointw

ise confidence lim
i on the graph 

w
rite 

 
�
�
�
�
�
�
	
�
6
�
�
�
�
7
�
�
 
�

 S
om

e additional options (to be placed after the com
m

a) 
 	
�
�
�
�
%
�
�

�
�
�
�
�
�
�
 
�
�

�
�
�
�


8
�
�
�

�
�
	
�


8
�
�
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A

N
 E

S
T

IM
A

TE
 O

F TH
E

 IN
T

E
G

R
A

T
E

D
 H

A
ZA

R
D

: 
N

E
LS

O
N

-A
A

LE
N

'S
 M

E
T

H
O

D
 

  The calculations involves the follow
ing steps: 

 1) 
The observations are sorted in ascending order.  

 2) 
For each tim

e of death 
i t com

pute 
(

)
i

i
Y

Y
t

=
 and 

then 
1

i
i

q
Y

=
 

 3) 
N

elson-A
alen's estim

ate 
  

ˆ(
)t

Λ
=

the sum
 of the 

i
q

's from
 death tim

es ≤ t 
 T

he exam
ple: 

 Λ
=

1
ˆ(55)

12
  

 
 

 
 

 
 

0.083
=

 

Λ
=

+
1

1
ˆ(74)

12
10

  
 

 
 

 
 

0.183
=

 

Λ
=

+
+

1
1

1
ˆ(81)

12
10

9
 

 
 

 
 

 
0.294

=
 

Λ
=

+
+

+
1

1
1

1
ˆ(138)

12
10

9
6

 
 

 
 

 
0.461

=
 

Λ
=

+
+

+
+

1
1

1
1

1
ˆ(151)

12
10

9
6

5
 

 
 

 
0.661

=
 

Λ
=

+
+

+
+

+
1

1
1

1
1

1
ˆ(168)

12
10

9
6

5
4

  
 

 
0.911

=
 

Λ
=

+
+

+
+

+
+

1
1

1
1

1
1

1
ˆ(238)

12
10

9
6

5
4

1   
 

1.911
=
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N

E
LS

O
N

-A
A

LE
N

'S
 E

S
T

IM
A

T
E

 
  D

ata and notation: A
s for the K

aplan-M
eier estim

ate. 
 N

elson-A
alen's estim

ate: 
  

 
 

1
ˆ(

)
(

)
i t

t
i

t
Y

t
≤

Λ
=
�

 

 If ties are present use 
 1) 

 
 

ˆ(
)

(
)

i

i

t
t

i

m
t

Y
t

≤

Λ
=
�

 

or 
 2) 

S
eparate the survival tim

es slightly and use basic 
 

form
ula. 

 E
xam

ple: If for som
e data 

(
)

105 and 
3

i
i

Y
t

m
=

=
 then 

 C
ontribution using 1) 

 
3105

 
 C

ontribution using 2) 
 

1
1

1
105

104
103

+
+

 

 N
ote:  

(
)

ln(
(

))
t

S
t

Λ
=

−
,  

but   
ˆ

ˆ(
)

ln(
(

))
t

S
t

Λ
<

−
 

 The difference is usually sm
all 

1
1

ˆ
ˆ

0
ln(

(
))

(
)

(
)

S
t

t
Y

t
n

<
−

−
Λ

<
−
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U

S
IN

G
 S

TA
TA

 FO
R

 TH
E

 A
N

A
LY

S
IS

 
  E

ach data set has only to be declared as survival tim
e 

data once. 
 To get tabular output and a graph of the N

elson-A
alen 

estim
ate use the com

m
ands 

 
�
�
�
�


�
�
�
�
�
�
�
	
�

�
�
�
�
�
�
	
�
6
�
�
�
�
	
�

 To include 95%
 confidence lim

its on the plot  
 

�
�
�
�
�
�
	
�
6
�
�
�
�
	
�
�
�
	
�

 O
U

TP
U

T (plot only) 
 

0.00 0.50 1.00 1.50 2.00

50
100

150
200

250
analysis tim

e

N
elson-Aalen cum

ulative hazard estim
ate
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 S
ketch of argum

ents used to derive K
aplan-M

eier's 
estim

ate and N
elson-A

alen's estim
ate 

 D
ivide the follow

-up period up into a num
ber of sm

all 
intervals of length ∆t such that each interval contains at 
m

ost one observation. 
 Let 

j
t

 denote the low
er lim

it of the j' th interval and let 
j

q
 

denote the probability of dying in the j' th interval given 
alive at the start of the interval (at tim

e
j

t
). 

 The probability 
j

q
 is estim

ated by 
 

1
(

)
    if the interval contains an 

uncensored observation
ˆ

0
otherw

ise

j

j

Y
t

q

	


=
�

�

 

 S
ince  

 
 

 
(

)
(1

)
j

j
t

t

S
t

q
≤

=
−

∏
 

and 

 
 

 
0

(
)

(
)ds

(
)

j
j

t

j
j

t
t

t
t

t
s

t
t

q
λ

λ
≤

≤

Λ
=

≈
∆

≈
�

�
�

 

 estim
ates of S

(t) and Λ
(t) can be obtained by replacing 

the probabilities 
j

q
 by their estim

ated values
ˆ

j
q

. 
 N

ote that intervals not containing death tim
es can be 

om
itted. They contribute a factor 1 to the product and a 

term
 0 to the sum

. 
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K

A
P

LA
N

-M
E

IE
R

'S
 A

N
D

 N
E

LS
O

N
-A

A
LE

N
'S

 
E

S
TIM

A
T

E
S

: U
N

C
E

R
TA

IN
TY

 O
F T

H
E

 E
S

TIM
A

T
E

S
 

  E
stim

ated standard errors w
hen the data have no ties 

am
ong uncensored observations: 

  
 

2

1
ˆ((

))
(

)
i t

t
i

S
E

t
Y

t
≤

Λ
=
�

 
 

 
 

 

 (note: S
TA

TA
 uses a slightly different version) and 

  
 

ˆ
ˆ

ˆ
(

(
))

(
)

(
(

))
S

E
S

t
S

t
S

E
t

=
⋅

Λ
 

 
 

 
 

 If ties are present 
 1) 

ˆ((
))

(
)

(
(

)
1)

i

i
t

t
i

i
i

m
S

E
t

Y
t

Y
t

m
≤

Λ
=

⋅
−

+
�

 
 

 

or 
 2) 

S
eparate the survival tim

es slightly and first version. 
 S

im
ple estim

ate (requires only calculation of ˆ(
)

S
t

): 
  

(
)

ˆ
ˆ

ˆ
(

(
))

(
)

1
(

)
(

)
S

E
S

t
S

t
S

t
Y

t
=

⋅
−

 
 

 
 

 N
ote: 

U
nlike the other estim

ates of the standard error the 
sim

ple estim
ate changes both at survival tim

es and 
censoring tim

es. 
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C

O
N

FID
E

N
C

E
 IN

T
E

R
V

A
LS

 FO
R

 S
(t) 

  A
pproxim

ate confidence intervals for the survival 
probability S

(t) for fixed t. 
 S

tandard version (S
ym

m
etric): 

 

ˆ
ˆ

ˆ
ˆ

(
)

1.96
(

(
))

(
)

(
)

1.96
(

(
))

S
t

S
E

S
t

S
t

S
t

S
E

S
t

−
⋅

≤
≤

+
⋅

 
 S

ym
m

etric confidence interval not reasonable for S
(t) 

close to 0 or close to 1. 
  Im

proved version (A
sym

m
etric): 

 A
 confidence interval of the form

 
 

(
)

(
)

ˆ
ˆ

(
)

(
)

(
)

a
b

S
t

S
t

S
t

≤
≤

 

w
here 

(
)

ˆ
exp

1.96
(ln

(
))

1

b
S

E
t

a
b

=
−

⋅
Λ

=
 

and 
ˆ

ˆ
ˆ

(ln
(

))
(

(
))

(
)

S
E

t
S

E
t

t
Λ

=
Λ

Λ
 

 The asym
m

etric confidence interval is obtained from
 a 

sym
m

etric confidence interval of ln(
(

))
t

Λ
. This quantity 

has no range restrictions. 
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 C
onfidence intervals for S

(t): Illustration 
 The exam

ple 
 

=
ˆ(81)

0.733
S

 
=

ˆ((81))
0.125

S
E

S
 

Λ
=

ˆ(81)
0.294

 
Λ

=
ˆ((81))

0.171
S

E
 

 S
ym

m
etric interval: 

 Low
er bound 

0.733
1.96

0.125
0.488

=
−

⋅
=

 
U

pper bound 
0.733

1.96
0.125

0.978
=

+
⋅

=
 

  A
lternative version (asym

m
etric): 

 
(

)
exp

1.96
0.171

0.294
exp(

1.140)
0.320

1
3.127

ba
b

=
−

⋅
=

−
=

=
=

 

 Low
er bound =

=
=

3.13
ˆ(81)

0.733
0.379

a
S

 
U

pper bound =
=

=
0.32

ˆ(81)
0.733

0.905
b

S
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 E
stim

ate of m
edian survival tim

e M
 

 C
hoose M

 such that 
ˆ(

)
0.5

S
M

=
 

 A
n approxim

ate 95%
 confidence interval for the m

edian 
can be obtained from

 the confidence intervals for the 
survival probability: 
 

0 .25 .5 .75 1

0
100

200
300

analysis tim
e

95%
 C

I
S

urvivor function

K
aplan-M

eier survival estim
ate

 
  C

alculation of 95%
 confidence interval for the m

edian 
(or other percentiles) w

ith S
TA

T
A

: use the com
m

and 
�
�
�
�
�

  

95%
 confidence interval for the m

edian 

95%
 C

I for survival fct. 
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M

E
T

H
O

D
S

 FO
R

 G
R

O
U

P
E

D
 FO

LLO
W

-U
P

 D
A

T
A

 
  S

om
etim

es exact follow
-up tim

es are not available:  
if e.g. the status of the individuals are ascertained only 
periodically. 
 W

ith large data sets it m
ay also be convenient to divide 

the tim
e scale into a num

ber of categories and use only 
inform

ation about the categories, and not the exact 
tim

es, in the analysis. 
  E

stim
ation of the survival function for grouped data: 

The life table m
ethod  

 E
xam

ple: 
 Follow

-up tim
es in days: 

 55 
61+ 

74 
81 

93+ 
122+ 

138 
151 

168 
202+ 

220+ 
238 

 C
onsider 60 days intervals: [0,60[, [60,120[, [120,180[ 

and [180,240[ 
   55    61+ 74 81  93+      122+ 138 151 168 202+ 220+ 238 
 |-----|-----------------------|---------------------|-----------------| 
0 

60 
120 

180 
240 
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 Let 
0

1
2

3
,

,
,

,
,

k
τ

τ
τ

τ
τ

�
 denote the cutpoints of the tim

e 
categories.  
 For each interval determ

ine 
 1. 

1
(

)
i

i
Y

Y
τ

−
=

=
 

The num
ber alive and at risk at the  

 
 

 
 

 
start of i' th interval. 

 2. 
1

(
)

(
)

i
i

i
d

N
N

τ
τ

−
=

−
−

−
=

 
The num

ber dying in the 
 

 
 

 
 

 
interval. 

 3. 
i

c
=

 
 

 
The num

ber censored in the interval. 
 Then com

pute 
 4. The m

odified num
ber at risk 

2
i

i
i

n
Y

c
=

−
 

 5. The conditional death proportion
i

i
i

q
d

n
=

=
�

. 
 6. The conditional survival proportion 

1
i

i
p

q
=

=
−

�
�

 
  and finally the estim

ated survival function 
 

01
0

1

2
1

2

(
)

1

(
)

(
)

(
)

(
)

SS
S

p

S
S

p

ττ
τ

τ
τ

==
⋅

=
⋅

��
�

�

�
�

�

 

  
 

etc. 
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(1) 

(2) 
(3) 

(4) 
(5) 

(6) 
(7) 

(8) 
Interval 

start 
at 

risk 

no. of 
death 

no. 
of 

cens. 

m
od. 

no. at 
risk 

cond. 
death 
prob. 

cond. 
surv. 
prob. 

estim
ate 

of surv. 
fct. 

 
i

Y
 

i
d

 
i

c
 

i
n

 
i

q �
 

i
p �

 
(

)i
S

τ �
 

0-60 
12 

1 
0 

12 
0.083  

0.917 
0.917 

60-120 
11 

2 
2 

10 
0.200 

0.800 
0.733 

120-180  
7 

3 
1 

6.5 
0.462 

0.538 
0.395 

180-240 
3 

1 
2 

2 
0.500 

0.500 
0.197 

 S
tandard error of the life table estim

ate: 
G

reenw
ood's form

ula 
 

1
(

(
))

(
)

k
i

i
i

j
i

i

q
S

E
S

S
p

n
τ

τ
=

=
⋅

⋅
�

�
�

�
�

 

 E
xam

ple 
 A

t 60 days: =
⋅

⋅

=
⋅

=
⋅

�
�

�

�

1

1
1

(
(60))

(60)

0.083
0.917

0.080
0.917

12

q
S

E
S

S
p

n
 

 A
t 120 days =

⋅
+

⋅
⋅

=
⋅

+
=

⋅
⋅

�
�

�
�

�
�

1
2

1
1

2
2

(
(120))

(120)

0.083
0.200

0.917
0.132

0.917
12

0.800
10

q
q

S
E

S
S

p
n

p
n

 

etc. 
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U

S
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G
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  To get the life-table estim

ate of the survival function 
using S

tata subm
it one of the com

m
ands 

 

�
	
�


�
�
�
�
�
�
�
�
�
	
�
�
�
�
�
�
�
�
�
�
�
	


�


�
�
"
�
�
�
�
�
�
�
&
�
�
�
5
�
�
�



�
	
�


�
�
�
�
�
�
�
�
�
	
�
�
�
�
�
�
�
�
�
�
�
	


�


�
�
"
�
�
�
�
�
�
�
&
�
�
�
5
�
�
�
�
�
	
�
6
�

 M
ouse: S

tatistics - S
urvival analysis – S

um
m

ary 
statistics, tests &

 tables – Life tables for survival data   
 O

U
TP

U
T 

�
�
�
�
�
�
�
�
�
�
�
�
�
(
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
*
�
 
�
�

�
4
�
�
�
�
�
	


�
�
+
�
�
	


�
�
9
�
	
�
6
�
�
�
-
�
�
�
�
�
*
�
�
�
�
�
	


�
�
�
.
�
�
�
�
�
�
�
�
�
/
0
1
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�
3
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�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
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�
�
�
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�
�
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�
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�
�
�
�
�
�
�
�
�
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�
�
�
�
�
�
�
�
�
�
�
�
�
#
#
#
�
�
�
�
�
#
�
5
�
�
�
#
�
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�
�
�
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�
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"
�

�
�
�
�
�
�
&
�
�
�
�
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�
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�
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�
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�
�
�
�
�
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�
�
�
�
�
�
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100

150
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C

O
M

P
A

R
IN

G
 S

U
R

V
IV

A
L IN

 T
W

O
 G

R
O

U
P

S
 

  S
tandard non-param

etric test can not be applied, w
hen 

the data contain censored observations. 
 S

everal non-param
etric procedures, e.g. W

ilcoxon-
M

ann-W
hitney rank test, K

ruskal-W
allis test, have been 

generalized to allow
 for censored observations. 

 H
ere: prim

arily log rank test for com
parison of the 

survival in tw
o (or several) groups. 

 The term
inology is not very consistent: 

 Log rank test 
G

eneralized S
avage's test, 

 
 

 
 

M
antel-C

ox test, 
 

 
 

 
M

antel-H
aenszel test for survival data. 

  A
lternative tests: G

ehan's test  (also called G
eneralized 

W
ilcoxon test or B

reslow
's test), Tarone-W

are test, 
P

eto-P
rentice test etc.  

 S
everal slightly different versions of these procedures 

exist. (differences are typically the result of applying 
different variance estim

ates).  
 N

ote: 
W

e shall only consider unpaired tw
o-sam

ple problem
s 

here. 
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TH

E
 TW

O
-S

A
M

P
LE

 P
R

O
B

LE
M

 W
ITH

 C
E

N
S

O
R

E
D

 
D

A
TA

 
  P

roblem
: 

C
om

parison of the survival in tw
o groups of patients. 

 D
ata: 

T
w

o sam
ples of life tim

es, som
e of w

hich m
ay be 

censored. 
 N

otation: 
 

G
roup 1 

G
roup 2 

S
urvival 

function 

 

1 (
)

S
t

 
 

2 (
)

S
t

 

H
azard 

function 

 

1 (
)t

λ
 

 

2 (
)t

λ
 

 N
ull hypothesis: S

am
e survival in the tw

o groups. 
  

 
 

 
1

2
(

)
(

)
for all 

S
t

S
t

t
=

 
or, equivalently 
 

 
 

 
1

2
(

)
(

)
for all 

t
t

t
λ

λ
=

 
  N

ote: 
The m

ethods to be described are suitable for detection 
of consistent deviations from

 the null hypothesis, i.e. if 
  

 
1

2
(

)
(

)
for all 

t
t

t
λ

λ
≤

 
or 
 

 
1

2
(

)
(

)
for all 

t
t

t
λ

λ
≥
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 The test statistics are particularly w
ell suited (i.e. have 

high pow
er), if the hazard rates are proportional: 

 

2
1

(
)

(
)

t
t

λ
θ

λ
=

⋅
 

 The param
eter θ is called the hazard rate ratio or the 

m
ortality rate ratio. 

 P
roportional hazard rates corresponds to the follow

ing 
relations betw

een the survival functions: 
 

2
1

(
)

(
(

))
S

t
S

t
θ

=
 

 The test statistics are not w
ell suited in situations, w

here 
the hazard rates cross (this w

ill for instance be the case 
if the survival functions cross): 
 It is advisable alw

ays to study diagnostic plots, e.g. 
 1) 

2
1

ˆ
ˆ

(
) versus 

(
)

t
t

Λ
Λ

 
 The points in plot w

ill approxim
ate a straight line if the 

m
ortality rates are proportional. 

 2) 
1

2
ˆ

ˆ
ln(

(
)) and ln(

(
))

t
t

Λ
Λ

against t in the sam
e plot. 

 This plot w
ill show

 tw
o curves w

ith roughly constant 
vertical distance  if the m

ortality rates are proportional. 
 In both plots ˆ

(
)

i t
Λ

 can be replaced by
ˆ

ln(
(

))
i

S
t

−
. In the 

second plot this leads to plots of 
ˆ

ln(
ln(

(
)))

i
S

t
−

 against t. 
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TH

E
 LO

G
 R

A
N

K
 TE

S
T

 
  E

xam
ple 1: A

 random
ized, placebo-controlled trial to 

assess the effect of rem
ission m

aintenance therapy w
ith 

6-M
P

 on the duration of steroid-induced rem
ission in 

acute leukem
ia.  

 The study w
as designed and originally analyzed as a 

m
atched pairs sequential trial. For illustrative purposes 

the data are here analyzed as a standard parallel group 
trial (i.e. ignoring the paired design and sequential 
stopping rule). 
  D

ata: R
elapse-free survival in w

eeks. 
 

6-M
P

 G
roup 

P
lacebo G

roup 
6 

11+ 
25+ 

1 
5 

12 
6 

13 
32+ 

1 
8 

15 
6 

16 
32+ 

2 
8 

17 
6+ 

17+ 
34+ 

2 
8 

22 
7 

19+ 
35+ 

3 
8 

23 
9+ 

20+ 
 

4 
11 

 
10 

22 
 

4 
11 

 
10+ 

23 
 

5 
12 
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 E
stim

ated survival curves: 

0
10

20
30

40
0.0

0.2

0.4

0.6

0.8

1.0
 6-M

P

Probability

Tim
e in w

eeks

 Placebo

E
stim

ated integrated hazards: 

0
10

20
30

40
0 1 2 3 4

 6-M
P

Integrated hazard

Tim
e in w

eeks

 Placebo
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 D
iagnostic plots: 

0
1

2
3

4
0.0

0.5

1.0

6-MP Integrated hazard

P
lacebo Integrated hazard

 
 

0
10

20
30

40
-4 -2 0 2

 6-M
P

Log integrated hazard
Tim

e in w
eeks

 P
lacebo

 
The relapse rates seem

 roughly proportional. 
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 A
 valid test can be established by com

paring the pattern 
of occurrences of relapses in the tw

o groups controlling 
for the tim

e at w
hich the relapses occur.  

 This approach resem
bles the M

antel-H
aenszel test, but 

the form
al justification is different. 

 B
asic idea: 

For each event-tim
e a 2×2 table is established: 

 E
vent tim

e 
i t 

Treatm
ent 

 
 

6-M
P

 
P

lacebo 
Total 

R
elapse 

1i
m

 
2i

m
 

i
m

 
N

o relapse 
 

 
(

)i
i

Y
t

m
−

 
A

t risk at tim
e 

i t 
1 (

)i
Y

t
 

2 (
)i

Y
t

 
(

)i
Y

t
 

 The total 
i

m
 in the R

elapse row
 is alw

ays 1, if no ties 
are present am

ong uncensored observations.  
 A

t tim
e 

i t the proportion of patients at risk belonging to 
group 1 is

1 (
)

(
)

i
i

Y
t

Y
t

.  
 If the relapse rates are identical w

e w
ill therefore at tim

e 
i t expect the sam

e proportion of the relapses to 
occur in group 1, i.e. the expected num

ber in group 1 is  
 

1 (
)

(
)

i
i

i
m

Y
t

Y
t

⋅
 

 
 The data set in the exam

ple have 17 distinct relapse 
tim

es, so this argum
ent should be applied to 17 different  

2×2 tables. 
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 Tim
e 

R
elapse 

6-M
P

 
P

lac. 
Total 

 
O

bs. 
E

xpected 
 

 
 

 
 

 
 

 
 

Y
es 

0 
2 

2 
 

0 
2

21
42

⋅
 

1 
N

o 
21 

19 
40 

 
 

 
 

A
t risk 

21 
21 

42 
 

 
 

 
 

 
 

 
 

 
 

 
Y

es 
0 

2 
2 

 
0 

2
21

40
⋅

 
2 

N
o 

21 
17 

38 
 

 
 

 
A

t risk 
21 

19 
40 

 
 

 
 

 
 

 
 

 
 

 
� 

 
� 

� 
� 

 
� 

� 
 

 
 

 
 

 
 

 
 

Y
es 

1 
0 

1 
 

1 
1

15
23

⋅
 

10 
N

o 
14 

8 
22 

 
 

 
 

A
t risk 

15 
8 

23 
 

 
 

 
 

 
 

 
 

 
 

� 
 

� 
� 

� 
 
� 

� 
 

 
 

 
 

 
 

 
 

Y
es 

1 
1 

2 
 

1 
2

7
9

⋅
 

22 
N

o 
6 

1 
7 

 
 

 
 

A
t risk 

7 
2 

9 
 

 
 

 
 

 
 

 
 

 
 

 
Y

es 
1 

1 
2 

 
1 

2
6

7
⋅

 
23 

N
o 

5 
0 

5 
 

 
 

 
A

t risk 
6 

1 
7 

 
 

 
 

 
 

 
 

 
 

 
T

otal 
 

 
 

 
 

9 
19.251 

 A
 total of 9 relapses is observed in the treatm

ent 
group. O

n the null hypothesis w
e w

ould have expected 
19.25 relapses based on the relative size of the tw

o 
groups at the 17 different relapse tim

es.  
 A

 variance estim
ate is needed to assess the 

significance of this discrepancy. 
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 A
 valid variance estim

ate can be obtained as the sum
 of 

contributions from
 each 2×2 table in the sam

e w
ay as for 

the M
antel-H

aenszel procedure. 
 For the first table 
 

 
6-M

P
 

P
lacebo 

Total 
R

elapse 
0 

2 
2 

N
o relapse 

21 
19 

40 
Total 

21 
21 

42 
 the contribution to the variance becom

es 
 

 
 C

alculating the rem
aining 16 contributions in a sim

ilar 
fashion and adding the results together gives 
 

V
ariance 

6.257
V

=
=

 
 and the test statistic, the log rank test, is obtained as 
 

2
2

2

(O
bs.

 E
xp.)

V
ariance

(9
19.251)

6.257

16.79

lr
X

−
=

−
==

 

 O
n the null hypothesis of identical survival distributions 

the distribution of the test statistic is approxim
ately a  

2
χ

 distribution w
ith 1 degree of freedom

. Large values 
provide evidence against the null hypothesis.  
 A

 value of 16.79 is highly significant (p =0.00004). 
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 The log rank test – in general 
 C

onsider tw
o sam

ples of possibly censored survival 
tim

es. The sam
ple sizes are denoted

1
2

 and 
n

n
. 

 The observations in the com
bined data are sorted in 

ascending order. Ties am
ong censored and uncensored 

values are resolved by taking uncensored values first. 
Let d denote the num

ber of distinct values found am
ong 

uncensored observations in the com
bined sam

ple and 
denote these values by

1
2

d
t

t
t

<
<

<
�

. 
 A

t tim
e 

i t the follow
ing 2×2 table can be established: 

 E
vent tim

e 
i t 

G
roup 

 
 

1 
2 

Total 
E

vent 
1i

m
 

2i
m

 
i

m
 

N
o event 

1
1

(
)i

i
Y

t
m

−
 

2
2

(
)i

i
Y

t
m

−
 

(
)i

i
Y

t
m

−
 

A
t risk at tim

e 
i t 

1 (
)i

Y
t

 
2 (

)i
Y

t
 

(
)i

Y
t

 
 For each table com

pute 
 

1i
m

=
 

the observed num
ber of events in group 1 at  

 
 

tim
e

i t. 
 

=
1i

e
 

the expected num
ber of events in group 1 at 

 
 

tim
e 

i t  
 

=
 

1 (
)

(
) i

i
i

Y
t

m
Y

t
⋅
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i

v
=

 
the variance of 

1i
m

 
 

=
 

1
2

2

(
(

)
)

(
)

(
)

(
)

(
(

)
1)

i
i

i
i

i

i
i

m
Y

t
m

Y
t

Y
t

Y
t

Y
t

⋅
−

⋅
⋅

⋅
−

 

 The expected num
ber and variance are com

puted on 
the hypothesis of identical hazard rates. 
  The contributions from

 each table are added 
together: 
 

1
1

1

d
i

i
O

m
=

=
�

  
Total observed num

ber of events 
 

 
 

 
in group 1. 

 

1
1

1

d
i

i
E

e
=

=
�

 
 

Total expected num
ber of events 

 
 

 
 

in group 1 
 

1

d
i

i
V

v
=

=
�

 
 

Total variance. 
 The log rank test is finally obtained as 
 

(
) 2

1
1

2lr

O
E

X
V −

=
 

 O
n the null hypothesis 

2lr
X

 is approxim
ately a 

2
χ

 variate 
on 1 degree of freedom

. Large values provide evidence 
against the null hypothesis. 
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 C
om

m
ents: 

 1. E
xactly the sam

e test statistic is obtained if w
e 

instead consider group 2 and com
pute the observed 

and expected num
ber of deaths in this group.  

 
2. The standard term

inology "observed" and "expected" 
is appealing, but not really justified. 

1
2

 and 
E

E
are not 

expected values in the usual sense , rather they are 
sum

s of conditional expectations. They represent our 
expectation based on the relative size of the tw

o 
groups at the d different event tim

es.  
 

3. S
om

e com
puter packages and text books use the 

nam
e log rank test for a slightly different test 

statistic , nam
ely: 

  
 

 
(

)
(

)
2

2
1

1
2

2
2

1
2

O
E

O
E

X
E

E
−

−
=

+
 

 w
here the observed and expected num

bers are those 
described above. The alternative version of the log 
rank test is (slightly) conservative , since  

 

 
 

 
 

 
2

2lr
X

X
<

 
 is alw

ays satisfied. The p value from
 the alternative 

test is therefore too large. If the data contain no tied 
event tim

es the discrepancy is m
inim

al , but the 
difference increases w

ith the num
ber of ties am

ong 
the uncensored observations. 
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U

S
IN

G
 S

TA
TA

 FO
R

 TH
E

 A
N

A
LY

S
IS

 
  R

ead data into S
tata and declare data as survival tim

e 
data. The data set has three variables: tim

e, failure, and 
treatm

. 
 �
�
�
�
�
�
:
%
�
�
�
�
�
:
�
�
�
�
�
�
	


:
	
	
�
6
�
�
�
�
�
#
:
�
�
#
�
�
 
�
	
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
	
�


�
�
�


�
�
	
�
�
�
�
�
�
� 

 To com
pare the survival in the tw

o treatm
ent groups 

using log rank test w
rite 

 
�
�
�
�
�
�
�
�
�
�
�
�
	
�
�
�

 O
U

TP
U

T 
 �
�
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�
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�
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?
�
@
�
6
�
�
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�
�
�
�
�
�
�
�
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 The first tw
o lines are suppressed if the option noshow

 
is added 

�
�
�
�
�
�
�
�
�
�
�
�
	
�
�
�
�
�
�
�
�
6
�
7
�
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 G
raphs: T

o get K
aplan-M

eier survival curves for each 
group w

rite 
 �
�
�
�
�
�
	
�
6
�
�
�
�
$


�
�
�
	
�
�
�
�
�

A
�
�
�
�
�
�
�


�
 
�
�
�
�
�
�
�
 
�
�
�
�
�
�
�
�
�
�
�
	


�
�
7
�
�
�
�
�

�
�
�
�
�
�
	
�
6
�
�
�
�
$


�
�
	
�
�
�
�
�
7
�
�
 
�
�
�
�

�
A
�
�
�
�
�
6
�
7
�
�
	
�
6
�
�
�
�
�
�
	
�
�
�
�
�
�
�
�
�
	
�
	
�
�
�
�


�
�
�
7
�
�
�
�
�

�
�
�
�
�
�
	
�
6
�
�
�
�
$


�
�
�
	
�
�
�
�
�
�
�
	
�
	
�
�
�

�

 G
raphs of N

elson-A
alen estim

ates: add option na  
 �
�
�
�
�
�
	
�
6
�
�
�
�
	
�
�
$


�
�
�
	
�
�
�
�
�

�
�
�
�
�
�
	
�
6
�
�
�
�
	
�
�
�
	
�
�
$


�
�
�
	
�
�
�
�

  Tabular output:  
 �
�
�
�


�
�
�
�
�
�
�
$


�
�
�
	
�
�
�
�

 Form
at of listing sim

ilar to the one used to a single 
group 
 A
�
�
�
�


�
�
�
�
�
�
�
�
�
	
�
�
�
�
�
�
 
�
�
�
$
�
�
�
 
�
�
�

�
�
�
�


�
�
�
�
�
�
�
$


�
�
�
	
�
�
�
�
�
�
�
�
	
�
�
�

 Listing of N
elson-A

alen estim
ates: add option na  
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A

LTE
R

N
A

T
IV

E
 N

O
N

-P
A

R
A

M
E

TR
IC

 T
E

S
T 

  The log rank test is essentially a scaled version of the 
difference 

1
1

O
E

−
. S

ince 
 

=
=

=
=

−
=

−
=

−
=

⋅
−

�
�

�
�

1
1

1
1

1
1

1
1

1
1

1
1

(
)

1
(

)
d

d
d

d
i

i
i

i
i

i
i

i
i

i
O

E
m

e
m

e
m

e
 

The contribution to the num
erator from

 each 2 ×2 has the 
form

 
1

1
i

i
m

e
−

. In the log rank test these contributions are 
given equal w

eight. 
 B

y using different w
eighting schem

es alternative test 
statistics are obtained. A

ll these tests have the form
  

 

(
)

=

= ⋅
−

=
⋅

�
�

1
1

2
1

2
1

d

i
i

i
i

w
d

i
i

i

w
m

e
X

w
v

 

 The test statistic has approxim
ately a 

2
χ

 distribution on 
1 degree of freedom

 on the null hypothesis. 
 In S

TA
TA

 the follow
ing test statistics are available 

 W
eight 

i
w

 
N

am
e 

S
T

A
TA

 option 
1 

log rank 
l (default) 

(
)i

Y
t

 
W

ilcoxon-B
reslow

-G
ehan 

w
 

ˆ(
)i

S
t

 
P

eto-P
rentice 

p 
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 G
ehan’s test and P

eto-P
rentice’s test both reduce to a 

W
ilcoxon test if the data contain no censored 

observations. 
 A

dditional option: The likelihood ratio test (m
ore on that 

later) in a proportional hazards m
odel is com

puted w
ith 

the option cox. 
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TA
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  The log rank test and the alternative test statistics are 
non-param

etric tests used to assess if chance 
fluctuations are a likely explanation for an observed 
discrepancy betw

een tw
o survival curves. 

 G
enerally, it is also im

portant to describe such a 
difference and quantify it in a suitable w

ay .  
 P

lotting the tw
o K

aplan-M
eier estim

ates to be com
pared 

in the sam
e figure is one possibility, but it is often 

convenient to supplem
ent such a figure w

ith a sim
ple 

num
erical description of the difference in m

ortality.  
  P

ossible sum
m

aries include: 
 1. The difference or the ratio of e.g. the tw

o-year survival 
probabilities. 

 2. The difference or the ratio of the estim
ated m

edian 
survival tim

es. 
 3. A

n estim
ate of the ratio of the m

ortality rates. If the 
rates are approxim

ately proportional this corresponds 
to estim

ating the constant of proportionality θ (see 
page 31). 
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 The m
ortality rate ratio as a m

easure of discrepancy 
 A

n estim
ated m

ortality rate ratio (sum
m

ary m
easure 3) 

could be presented e.g. as 
 "Treatm

ent A
 reduces the m

ortality w
ith 30%

 relative to 
treatm

ent B
", 

 i.e. λ
λ

A
B

t
t

(
)

(
)

.
=

0
70 , often described as the relative risk 

being 0.70, although it w
ould be m

ore appropriate to call 
the estim

ate a relative rate. 
  The regression coefficients com

puted by a C
ox's 

regression analysis (to be discussed later) can, after a 
sim

ple transform
ation (taking exp), be interpreted as 

estim
ated m

ortality rate ratios. 
 O

ccasionally, it is necessary to use alternative estim
ates 

of the m
ortality rate ratio. This could for instance be the 

case, if access to the original data is not possible, e.g. in 
a m

eta-analysis. S
everal proposals exist, e.g.: 

 A
 "quick and dirty" estim

ate of θ is obtained as  
  

 
 

 
 

θ
∗

=
⋅⋅

O
E

E
O

2
1

2
1  

 This estim
ate is know

n to be bias tow
ards to 1, but the 

perform
ance is adequate in the range ½

 to 2. 
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 E
xam

ple (Freireich et al’s data) 
 The output from

 the com
m

and sts test allow
 calculation 

of the “qick and dirty” estim
ate 
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 “O
ptim

al” estim
ate =

=
2.6338

4.52
0.5823

 

 C
onfidence intervals are not com

puted by sts test (use 
stcox) 
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  P

roblem
: C

om
parison of the survival in K

 (K
 ≥ 2) 

different populations. 
 D

ata: A
 sam

ple of possibly censored survival tim
es from

 
each population. 
 N

ull hypothesis: 
1

2
(

)
(

)
(

)
for all 

K
t

t
t

t
λ

λ
λ

=
=

=
�

 
 Test statistics 
The test statistics used for com

paring tw
o groups can all 

be generalized to com
parison of m

ore than tw
o groups.  

 S
TA

TA
: K

-sam
ple log rank test of age effects on 

m
ortality in patients w

ith m
alignant m

elanom
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C
A

TE
G

O
R

IE
S

: TE
S

T FO
R

 TR
E

N
D

. 
  P

roblem
: A

gain, com
parison of the survival in K

 (K
 ≥ 2) 

different groups of patients, but there is a "natural" 
ordering of the groups , they m

ight e.g. represent 
different age groups, different dose levels of som

e 
exposure or increasing severity of the disease at tim

e of 
entry. 
 D

ata: A
 sam

ple of possibly censored survival tim
es from

 
each population. 
 N

ull hypothesis: 
 

1
2

(
)

(
)

(
)

for all 
K

t
t

t
t

λ
λ

λ
=

=
=

�
 

 In situations w
ith a natural ordering of the groups it is 

often of special interest to investigate if the m
ortality 

increases (or decreases) w
ith the natural ordering. 

 The usual K
 sam

ple tests (log rank test etc.) are valid 
tests, but not particularly w

ell suited  for detecting this 
type of departures from

 the null hypothesis. Inform
ation 

about the ordering is not utilized: The value of these test 
statistics does not change if the order of the groups is 
changed. 
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 S
olution: For each of the K

-sam
ple tests a 

corresponding test for trend has been developed. 
These test are particularly sensitive to m

onotone 
dependencies of the m

ortality rates on the ordering of 
the groups. A

lternatively, regression m
odels m

ay be 
considered. 
 The log rank test for trend is a norm

alized version of 
the statistic 
 

(
)

1

d
j

j
j

j
T

x
O

E
=

=
⋅

−
�

 

 w
here 

 and 
j

j
O

E
 are observed and expected 

num
bers derived as described for the K

 sam
ple log 

rank test and 
j

x
 are the group scores, i.e. values 

assigned to the groups reflecting the ordering (e.g. 
average age of patients in the group or dose level). 
 The log rank test for trend: 
 

(
)

2
2

1
2

d

j
j

j
j

trend
T

T

x
O

E
T

X
V

V
=



�

⋅
−

�
�

=
=
�

 

 w
here 

T
V

 is an estim
ate of the variance of the 

num
erator. O

n the null hypothesis the trend test is 
approxim

ately distributed as a 
2

χ
 variate on 1 degree of 

freedom
. Large values provide evidence against the null 

hypothesis. 
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 N
ote:  

A
 linear transform

ations of the scores w
ill not change 

the value of the test statistic, e.g.  
 

G
roup 

S
cores x 

A
lt. scores 

1 
100 

-1 
2 

145 
0 

3 
190 

1 
 T

he tw
o set of scores give the sam

e value of the test 
statistic, but the alternative scores are m

uch sim
pler to 

use. 
 E

xam
ple: log rank test for trend w

ith age in m
ortality of 

patients w
ith m

alignant m
elanom
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S

T
R

A
T

IFIE
D

 A
N

A
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S
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 O
F S

U
R

V
IV

A
L D

A
T

A
 

  P
urpose:  

A
 stratified analysis is a procedure to com

pare 
outcom

es in different groups  and at the sam
e tim

e 
correct for (or reduce) the effect of other factors 
w

hich are related to the outcom
e but not identically 

distributed in the different groups (so-called 
confounding factors). 
 A

n exam
ple: 

S
uppose that for a particular disease m

ale patients are 
know

n to have a w
orse prognosis than fem

ale patients. 
If the proportion of m

ales differ m
arkedly betw

een tw
o 

treatm
ent groups a com

parison based on a sim
ple tw

o 
sam

ple test w
ill be m

isleading: T
he result of a statistical 

test w
ill not only reflect a possible difference in efficacy, 

but also the difference in the proportion of patients w
ith 

poorer prognosis. 
 A

 stratified analysis can here be used to com
pare the 

tw
o treatm

ents and at the sam
e tim

e adjust for the effect 
of the difference in the sex distribution. 
 The basic idea: 
In a stratified analysis the com

parability is im
proved by 

dividing the patients up into sm
aller and m

ore 
hom

ogeneous groups. T
he basic com

parison is m
ade 

w
ithin such groups (or strata), and the discrepancy 

found is accum
ulated across all strata. T

he test statistic 
is derived from

 these accum
ulated statistics. 
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A

 S
T

R
A

T
IFIE

D
 A

N
A

LY
S

IS
 B

A
S

E
D

 O
N

  
T

H
E

 T
W

O
-S

A
M

P
LE

 LO
G

 R
A

N
K

 T
E

S
T

:  
  P

roblem
: 

C
om

parison of the survival after tw
o different treatm

ent 
m

odalities A
 and B

 controlling for the effect of the age of 
the patients, say. 
 D

ata: 
T

w
o sam

ples of life tim
es, som

e of w
hich m

ay be 
censored. T

he value of the factor, w
hich is used to 

define the strata, m
ust also be know

n for each patient. 
 P

rocedure: 
1. T

he age range of patients are divided up into a 
suitable num

ber of age categories. P
atients 

belonging to each age group are considered 
separately . 

 2. For each stratum
 the survival in the tw

o treatm
ent 

groups is sum
m

arized by the observed num
ber of 

deaths 
 and 

A
B

O
O

, the corresponding expected 
num

bers 
 and 

A
B

E
E

 and the variance V
.. T

hese 
quantities are all derived in the sam

e w
ay as for the 

usual log rank test. 
 3. T

he observed and expected num
bers and the 

variance are sum
m

ed across strata and a test statistic 
is com

puted from
 these sum

s: 
2

strata
strata

2

strata

A
A

S

O
E

X
V

�
�

−
�

�
�

�
=
�

�

�
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 S
tratum

 1: A
ge < 30. 

 

T
reatm

ent 
O

bserved 
E

xpected 
V

ariance 
A

 
1

A
O

 
1

A
E

 
1

V
 

B
 

1
B

O
 

1
B

E
 

 
 S

tratum
 2: 30 ≤ A

ge < 50. 
 

T
reatm

ent 
O

bserved 
E

xpected 
V

ariance 
A

 
2

A
O

 
2

A
E

 
2

V
 

B
 

2
B

O
 

2
B

E
 

 
 S

tratum
 3: 50 ≤ A

ge < 70. 
 

T
reatm

ent 
O

bserved 
E

xpected 
V

ariance 
A

 
3

A
O

 
3

A
E

 
3

V
 

B
 

3
B

O
 

3
B

E
 

 
 S

tratum
 4: 70 ≤ A

ge. 
 

T
reatm

ent 
O

bserved 
E

xpected 
V

ariance 
A

 
4

A
O

 
4

A
E

 
4

V
 

B
 

4
B

O
 

4
B

E
 

 
  S

um
m

ed across strata: 
 

T
reatm

ent 
O

bserved 
E

xpected 
V

ariance 
A

 
4

1
A

k
k

O=
�

 
4

1
A

k
k

E
=

�
 

4

1
k

k
V=

�
 

B
 

4

1
B

k
k

O=
�

 
4

1
B

k
k

E
=

�
 

 

 T
he stratified log rank test is based on these statistics 
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 C
om

m
ents: 

 1. T
he stratification m

ay be based on several variables. 
Increasing the num

ber of variables to use w
ill typically 

im
prove the com

parability w
ithin strata (tighter 

control), but at the sam
e tim

e it m
ay reduce the 

effective sam
ple size: T

he risk of having strata w
ith 

observations from
 only one of the groups increases 

also w
ith the num

ber of strata, and such strata can not 
be utilized in the analysis. 
 

2. B
ecause too m

any strata m
ay reduce the effective 

sam
ple size, one w

ill typically not include am
ong the 

stratifying factors risk factors w
ith approxim

ately the 
sam

e distribution in the groups.  
 3. N

ote that the am
ount of com

putation depends largely 
on the num

ber of events, so a stratified analysis 
requires roughly the sam

e com
putational effort as the 

corresponding unstratified test.  
 4. A

 C
ox regression analysis m

ay alternatively be used 
to control for effects of confounding factors w

hen 
assessing the difference betw

een the survival in tw
o 

treatm
ent groups.  

 5. A
 C

ox regression analysis w
ill also allow

 a study of 
variation in the treatm

ent difference betw
een strata 

(treatm
ent×strata interaction). T

he stratified analysis 
im

plicitly assum
es that a treatm

ent difference has 
roughly the sam

e size in all strata.  
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 S
TR

A
TIFIE

D
 A

N
A

LY
S

IS
 B

A
S

E
D

 O
N

 TH
E

 O
TH

E
R

 
N

O
N

-P
A

R
A

M
E

TR
IC

 TE
S

TS
: 

 S
tratified versions of the other non-param

etric test 
statistics and of test for trend can derived in a sim

ilar 
fashion. T

he basic idea is in all cases to com
pute the 

sum
m

ary statistics w
ithin each stratum

, add them
 

together across strata and com
pute the relevant test 

statistic from
 these sum

s. 
  S

TR
A

TIFIE
D

 A
N

A
LY

S
IS

 U
S

IN
G

 S
TA

TA
 

 A
 log rank test to com

pare the survival in tw
o exposure 

groups (expo) stratified by agecat and sex: 
 �
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  If output should include separate com
parisons for each 

strata add the option  
�
�
	
�


�
�A

pparently, only one 
stratum

 variable is allow
 w

hen
�
 
�
�
	
�


�is specified. T

his 
problem

 (bug?) can be solved in the follow
ing w

ay: 
 �
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  A
 P

eto-P
rentice test for trend in age ( agecat) stratified 

by sex w
ith detailed output 

 �
�
�
�
�
�
�
�
�
	
�
�
�
	
�
�
�
�
!
!
!
�

�
�
�
�
�
�
�
�
	
�
	


�
�
�
�
�
�
�
�
�
 
�
 
�
�
	
�


�

 


